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Abstract

Building animationtools for fluid-like motionsis an importantandchallengingproblemwith
many applicationsin computergraphics.Theuseof physics-basedmodelsfor fluid flow cangreatly
assistin creatingsuchtools. Physicalmodels,unlike key frameor proceduralbasedtechniques,
permit an animatorto almosteffortlesslycreateinteresting,swirling fluid-like behaviors. Also,
the interactionof flows with objectsandvirtual forcesis handledelegantly. Until recently, it was
believed that physicalfluid modelsweretoo expensive to allow real-timeinteraction. This was
largelydueto thefactthatpreviousmodelsusedunstableschemesto solve thephysicalequations
governinga fluid. In this paper, for the first time, we proposean unconditionallystablemodel
whichstill producescomplex fluid-likeflows. As well, ourmethodis veryeasyto implement.The
stability of our modelallows usto take largertime stepsandthereforeachieve fastersimulations.
We have usedour model in conjuctionwith advecting solid texturesto createmany fluid-like
animationsinteractively in two- andthree-dimensions.

1 Intr oduction

Oneof themostintriguingproblemsin computergraphicsis thesimulationof fluid-likebehavior.
A goodfluid solver is of greatimportancein many differentareas.In thespecialeffectsindustry
thereis ahighdemandto convincingly mimic theappearanceandbehavior of fluidssuchassmoke,
waterandfire. Paintprogramscanalsobenefitfrom fluid solversto emulatetraditionaltechniques
suchaswatercolorandoil paint. Texturesynthesisis anotherpossibleapplication.Indeed,many
texturesresultfrom fluid-like processes,suchaserosion.Themodelingandsimulationof fluids
is, of course,alsoof prime importancein mostscientificdisciplinesand in engineering.Fluid
mechanicsis usedasthestandardmathematicalframework onwhich thesesimulationsarebased.
Thereis a consensusamongscientiststhat the Navier-Stokesequationsare a very goodmodel
for fluid flow. Thousandsof booksandarticleshave beenpublishedin variousareason how to
computetheseequationsnumerically. Which solver to usein practicedependslargely on the
problemat handandon the computingpower available. Most engineeringtasksrequirethat the
simulationprovideaccurateboundsonthephysicalquantitiesinvolvedto answerquestionsrelated
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to safety, performance,etc. Thevisualappearance(shape)of theflow is of secondaryimportance
in theseapplications.In computergraphics,on theotherhand,theshapeandthebehavior of the
fluid areof primaryinterest,whilephysicalaccuracy is secondaryor in somecasesirrelevant.Fluid
solvers,for computergraphics,shouldideallyprovideauserwith atool thatenablesherto achieve
fluid-likeeffectsin real-time.Thesefactorsaremoreimportantthanstrictphysicalaccuracy, which
would requiretoomuchcomputationalpower.

In fact,mostpreviousmodelsin computergraphicsweredrivenby visualappearanceandnot
by physicalaccuracy. Earlyflow modelswerebuilt from simpleprimitives.Variouscombinations
of theseprimitivesallowedtheanimationof particlessystems[17, 19] or simplegeometriessuch
asleaves[25]. Thecomplexity of theflowswasgreatlyimprovedwith theintroductionof random
turbulences[18, 22]. Theseturbulencesaremassconservingand,therefore,automaticallyexhibit
rotationalmotion. Also the turbulenceis periodic in spaceandtime, which is ideal for motion
“texturemapping”[21]. Flowsbuilt up from a superpositionof flow primitivesall have thedisad-
vantagethat they do not responddynamicallyto user-appliedexternalforces.Dynamicalmodels
of fluids basedon the Navier-Stokesequationswerefirst implementedin two-dimensions.Both
YaegerandUpsonandGamitoetal. usedavortex methodcoupledwith aPoissonsolver to create
two-dimensionalanimationsof fluids [26, 10]. Later, Chenet al. animatedwatersurfacesfrom
thepressuretermgivenby atwo-dimensionalsimulationof theNavier-Stokesequations[3]. Their
methodunlikeoursis bothlimited to two-dimensionsandis unstable.KassandMiller linearizethe
shallow waterequationsto simulateliquids [14]. Thesimplificationsdo not,however, capturethe
interestingrotationalmotionscharacteristicof fluids. More recently, FosterandMetaxasclearly
show theadvantagesof usingthefull three-dimensionalNavier-Stokesequationsin creatingfluid-
like animations[9]. Many effectswhich arehardto key framemanuallysuchasswirling motion
andflowspastobjectsareobtainedautomatically. Their algorithmis basedmainly on thework of
Harlow andWelch in computationalfluid dynamics,which datesbackto 1965[13]. Sincethen
many othertechniqueswhichFosterandMetaxascouldhaveusedhavebeendeveloped.However,
their modelhastheadvantageof beingsimpleto code,sinceit is basedon a finite differencingof
theNavier-Stokesequationsandanexplicit time solver. Similar solversandtheir sourcecodeare
alsoavailablefrom thebookof Griebelet al. [11]. Themainproblemwith explicit solversis that
thenumericalschemecanbecomeunstablefor largetime-steps.Instability leadsto numericalsim-
ulationsthat“blow-up” andthereforehave to berestartedwith asmallertime-step.Theinstability
of theseexplicit algorithmssetsseriouslimits onspeedandinteractivity. Ideally, a usershouldbe
ableto interactin real-timewith afluid solverwithouthaving to worry aboutpossible“blow ups”.

Our algorithmis very easyto implementandallows a userto interactin real-timewith three-
dimensionalfluidsonagraphicsworkstation.Weachievethisby usingtime-stepsmuchlargerthan
theonesusedby FosterandMetaxas.To obtainastablesolverwedepartfrom FosterandMetaxas’
methodof solution.Insteadof theirexplicit Eulerianschemes,weusebothLagrangianandimplicit
methodsto solvetheNavier-Stokesequations.Ourapproachfalls into theclassof so-calledSemi-
Lagrangianschemesthat werefirst introducedin the early fifties [5]. Theseschemesarerarely
usedin engineeringapplicationsbecausethey suffer from too muchnumericaldissipation: the
simulatedfluid tendsto dampenmorerapidly thananactualfluid. This shortcomingis lessof a
problemin computergraphicsapplications,especiallyin an interactive systemwheretheflow is
“keptalive” by anactorapplyingexternalforces.In fact,aflow thatdoesnot dampenatall might
be too chaoticanddifficult to control. As our resultsdemonstrate,we wereableto producenice
swirling flows despitethenumericaldissipation.We have successfullyintegratedour solversinto
anenvironmentwhereausercanapplyforcesto avirtual fluid at interactiverates— aneffect that
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hasneverbeforebeenachieved.
In this paperwe apply our flows mainly to the simulationof gaseous-like phenomena.We

employ our solver to updateboththeflow andthemotionof densitieswithin theflow. To further
increasethe complexity of our animationswe advect texture coordinatesalongwith the density
[15]. In this mannerwe areableto synthesizehighly detailed“wispy” gaseousflows evenwith
low resolutiongrids. We believe that the combinationof physics-basedfluid solversandsolid
texturesis themostpromisingmethodof achieving highly complex flows in computergraphics.

The next sectionpresentsthe Navier-Stokesequationsandthe derivation which leadsto our
methodof solution.Thatsectioncontainsall thefundamentalideasandtechniquesneededto ob-
tain a stablefluids solver. Sinceit relieson sophisticatedmathematicaltechniques,it is written
in a mathematicalphysicsjargonwhich shouldbefamiliar to mostcomputergraphicsresearchers
working in physics-basedmodeling. The applicationorientedreaderwho wishesonly to imple-
mentour solver canskip Section2 entirelyandgo straightto Section3. Therewe describeour
implementationof thesolver, providing sufficient informationto codeour technique.Section4 is
devotedto severalapplicationsthatdemonstratethepower of our new solver. Finally, in Section
5 we concludeanddiscussfutureresearch.To keepthis within theconfinesof a shortpaper, we
have decidednot to includea “tutorial-type” sectionon fluid dynamics,sincetherearemany ex-
cellenttextbookswhichprovidethenecessarybackgroundandintuition. Readerswhodonothave
a backgroundin fluid dynamicsandwhowish to fully understandthemethodin this papershould
thereforeconsultsucha text. Mathematicallyinclinedreadersmaywish to startwith theexcellent
bookby ChorinandMarsden[4]. Readerswith anengineeringbenton theotherhandcanconsult
thedidacticbookby Abbott [2]. Also, FosterandMetaxas’paperdoesa goodjob of introducing
theconceptsfrom fluid dynamicsto thecomputergraphicscommunity.

2 StableNavier-Stokes

2.1 BasicEquations

In thissectionwepresenttheNavier-Stokesequationsalongwith themanipulationsthatleadto our
stablesolver. A fluid whosedensityandtemperaturearenearlyconstantis describedby avelocity
field � andapressurefield � . Thesequantitiesgenerallyvarybothin spaceandin timeanddepend
on the boundariessurroundingthe fluid. We will denotethe spatialcoordinateby � , which for
two-dimensionalfluids is �������
	��� andthree-dimensionalfluids is equalto ���
	���	��� . We have
decidednot to specializeour resultsfor a particulardimension.All resultsarethusvalid for both
two-dimensionalandthree-dimensionalflowsunlessstatedotherwise.Giventhatthevelocityand
thepressureareknown for someinitial time ����� , thentheevolutionof thesequantitiesover time
is givenby theNavier-Stokesequations[4]:��� � � � (1)� �� � � ��� � ���  � � �

 � ��!#" �%$ � !'&(	 (2)

where " is the kinematicviscosityof the fluid,  is its densityand & is an externalforce. Some
readersmight be unfamiliar with this compactversionof the Navier-Stokesequations.Eq. 2 is
a vectorequationfor the three(two in two-dimensions)componentsof the velocity field. The
“
�
” denotesa dot productbetweenvectors,while the symbol

�
is the vectorof spatialpartial
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derivatives.More precisely,
� �)� ��*+� �
	 ��*+� �, in two-dimensionsand

� �-� ��*+� �
	 ��*+� �.	 ��*+� ��
in three-dimensions.We have alsousedtheshorthandnotation

� $ � �-���
. TheNavier-Stokes

equationsareobtainedby imposingthatthefluid conservesbothmass(Eq. 1) andmomentum(Eq.
2). We refer the readerto any standardtext on fluid mechanicsfor the actualderivation. These
equationsalsohave to besupplementedwith boundaryconditions.In this paperwe will consider
two typesof boundaryconditionswhich areuseful in practicalapplications:periodic boundary
conditionsandfixedboundaryconditions.In thecaseof periodicboundariesthefluid is definedon
an / -dimensionaltorus( /0��12	�3 ). In thiscasetherearenowalls, justafluid whichwrapsaround.
Although suchfluids arenot encounteredin practice,they arevery useful in creatingevolving
texturemaps.Also, theseboundaryconditionsleadto averyelegantimplementationthatusesthe
fastFourier transformasshown below. Thesecondtypeof boundaryconditionthatwe consider
is whenthefluid lies in someboundeddomain 4 . In thatcase,theboundaryconditionsaregiven
by a function �65 definedon theboundary

� 4 of thedomain.SeeFosterandMetaxas’work for
a gooddiscussionof theseboundaryconditionsin the caseof a hot fluid [9]. In any case,the
boundaryconditionsshouldbesuchthat thenormalcomponentof thevelocity field is zeroat the
boundary;nomattershouldtraversewalls.

The pressureandthe velocity fields which appearin the Navier-Stokesequationsarein fact
related. A singleequationfor the velocity canbe obtainedby combiningEq. 1 andEq. 2. We
briefly outline the stepsthat leadto that equation,sinceit is fundamentalto our algorithm. We
follow ChorinandMarsden’s treatmentof thesubject(p. 36ff, [4]). A mathematicalresult,known
astheHelmholtz-HodgeDecomposition, statesthatany vectorfield 7 canuniquelybedecomposed
into theform: 78� � ! �%9 	 (3)

where � haszerodivergence:
�:� � �;� and

9
is a scalarfield. Any vectorfield is the sumof

a massconservingfield anda gradientfield. This resultallows us to defineanoperator< which
projectsany vectorfield 7 ontoits divergencefreepart � �=<>7 . Theoperatoris in factdefined
implicitly by multiplying bothsidesof Eq. 3 by “

�
”:�?� 7@� � $ 92A (4)

This is a Poissonequationfor thescalarfield
9

with theNeumannboundarycondition BDCB�E �F� on� 4 . A solutionto thisequationis usedto computetheprojection� :

� ��<G7-�H7)� �%92A
If we apply this projectionoperatoron both sidesof Eq. 2 we obtaina singleequationfor the
velocity: � �� � ��<JID��� � ���  � !K" �L$ � !M&ONP	 (5)

wherewe have usedthefact that < � � � and < � �Q�R� . This is our fundamentalequationfrom
whichwewill developastablefluid solver.

2.2 Method of Solution

Eq. 5 is solvedfrom aninitial state�
S � � ����	��� by marchingthroughtime with a time step T�� .
Let usassumethatthefield hasbeenresolvedata time � andthatwewish to computethefield ata
latertime ��!UT�� . WeresolveEq. 5 over thetimespanT�� in four steps.Westartfrom thesolution
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Figure1: Onesimulationstepof our solver is composedof steps.Thefirst threestepsmaytake
thefield out of thespaceof divergentfreefields. The lastprojectionstepensuresthat thefield is
divergentfreeaftertheentiresimulationstep.

x
p(x,s)

p(x,−∆t)

s0 −∆t

Figure2: To solve for theadvectionpart,we traceeachpoint of thefield backward in time. The
new velocity at � is thereforethevelocity that theparticlehada time T�� agoat theold locationW ����	O�XT��Y .
7 S ���
Z� � ���[	Y�\ of the previous time stepandthensequentiallyresolve eachterm on the right
handsideof Eq. 5, followedby a projectionontothedivergentfreefields. Thegeneralprocedure
is illustratedin Figure1. Thestepsare:

7 S ���6�]_^Y^a`cbedgf�hi jek l�.m 7onp���
�]_^Yqrh�f�si jek l�tm 7 $ ���6u^�v wyx�z{hi jrk l�.m 7%|}���6u~ d{b_��h�f�si jek l�.m 7%�}���6 A
The solutionat time ��!�T�� is thengiven by the last velocity field: � ����	Y��!�T��\%��7L�����6 . A
simulationis obtainedby iteratingthesesteps.Wenow explainhow eachstepis computedin more
detail.

The easiestterm to solve is the additionof the externalforce & . If we assumethat the force
doesnotvaryconsiderablyduringthetimestep,then

7onp���6���7 S ���
�!�T��[&�����	Y�\
is agoodapproximationof theeffectof theforceonthefieldoverthetimestepT�� . In aninteractive
systemthis is a goodapproximation,sinceforcesareonly appliedat thebeginningof eachtime
step.

Thenext stepaccountsfor theeffect of advection(or convection)of thefluid on itself. A dis-
turbancesomewherein the fluid propagatesaccordingto the expression��� � �,�  � . This term
makestheNavier-Stokesequationsnon-linear. FosterandMetaxasresolvedthiscomponentusing
finite differencing.Their methodis stableonly whenthetime stepis sufficiently smallsuchthat
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T��>�JT�� *�� � � , where T�� is thespacingof their computationalgrid. Therefore,for smallsepara-
tionsand/orlargevelocities,very small time stepshave to betaken. On theotherhand,we usea
totally differentapproachwhichresultsin anunconditionallystablesolver. No matterhow big the
time stepis, our simulationswill never “blow up”. Our methodis basedon a techniqueto solve
partialdifferentialequationsknown asthemethodof characteristics. Sincethis methodis of cru-
cial importancein obtainingourstablesolver, weprovideall themathematicaldetailsin Appendix
A. Themethod,however, canbeunderstoodintuitively. At eachtimestepall thefluid particlesare
movedby thevelocity of thefluid itself. Therefore,to obtainthevelocity at a point � at thenew
time ��!HT�� , we backtracethepoint � throughthevelocity field 7�n over a time T�� . This defines
a path W ����	��� correspondingto a partialstreamlineof thevelocity field. Thenew velocity at the
point � is thensetto thevelocity thattheparticle,now at � , hadat its previouslocationa time T��
ago: 7 $ ���6���7on�� W ���[	O��T��YY A
Figure2 illustratesthe above. This methodhasseveral advantages.Most importantly it is un-
conditionallystable.Indeed,from theabove equationwe observe that themaximumvalueof the
new field is never largerthanthelargestvalueof thepreviousfield. Secondly, themethodis very
easyto implement.All that is requiredin practiceis a particletraceranda linearinterpolator(see
next Section).This methodis thereforebothstableandsimpleto implement,two highly desirable
propertiesof any computergraphicsfluid solver. Weemployedasimilarschemeto movedensities
throughuser-definedvelocityfields[21]. Versionsof themethodof characteristicswerealsoused
by otherresearchers.The applicationwaseitheremployed in visualizingflow fields [15, 20] or
improving the renderingof gassimulations[23, 7]. Our applicationof the techniqueis funda-
mentallydifferent,sincewe useit to updatethevelocityfield, which previousresearchersdid not
dynamicallyanimate.

Thethird stepsolvesfor theeffectof viscosityandis equivalentto adiffusionequation:� 7 $� � ��" �%$ 7 $ A
This is astandardequationfor whichmany numericalprocedureshavebeendeveloped.Themost
straightforwardway of solvingthis equationis to discretizethediffusionoperator

� $
andthento

doanexplicit timestepasFosterandMetaxasdid [9]. However, thismethodis unstablewhenthe
viscosityis large.Weprefer, therefore,to useanimplicit method:

IY� ��"�T�� �L$ N 7Z|����6���7 $ ���6y	
where � is the identity operator. Whenthediffusionoperatoris discretized,this leadsto a sparse
linearsystemfor theunknown field 7%| . Solvingsucha systemcanbedoneefficiently, however
(seebelow).

Thefourthstepinvolvestheprojectionstep,whichmakestheresultingfielddivergencefree.As
pointedout in theprevioussubsectionthis involvestheresolutionof thePoissonproblemdefined
by Eq. 4: � $ 9 � �R� 7Z| 7L����7%|�� �%92A
Theprojectionstep,therefore,requiresagoodPoissonsolver. FosterandMetaxassolvedasimilar
equationusing a relaxationscheme. Relaxationschemes,though,have poor convergenceand
usuallyrequiremany iterations.FosterandMetaxasreportedthatthey obtainedgoodresultseven
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after a very small numberof relaxationsteps. However, sincewe areusinga differentmethod
to resolve for the advectionstep,we mustusea moreaccuratemethod. Indeed,the methodof
characteristicsis moreprecisewhenthe field is closeto divergentfree. More importantlyfrom
a visualpoint of view, the projectionstepforcesthe fields to have vorticeswhich result in more
swirling-like motions. For thesereasonswe have useda moreaccuratesolver for the projection
step.

ThePoissonequation,whenspatiallydiscretized,becomesa sparselinearsystem.Therefore,
both theprojectionandtheviscositystepsinvolve thesolutionof a largesparsesystemof equa-
tions. Multigrid methods,for example,cansolve sparselinearsystemsin lineartime [12]. Since
ouradvectionsolveris alsolinearin time,thecomplexity of ourproposedalgorithmis of complex-
ity �����Q . FosterandMetaxas’solverhasthesamecomplexity. This performanceis theoretically
optimalsincefor acomplicatedfluid, any algorithmhasto consultat leasteachcell of thecompu-
tationalgrid.

2.3 Periodic Boundariesand the FFT

Whenweconsideradomainwith periodicboundaryconditions,ouralgorithmtakesaparticularly
simpleform. Theperiodicityallowsusto transformthevelocity into theFourierdomain:

� ����	Y�\��.m �� ���[	Y�\ A
In the Fourierdomainthegradientoperator“

�
” is equivalentto themultiplicationby ��� , where��� � � � . Consequently, boththediffusionstepandtheprojectionsteparemuchsimplerto solve.

Indeedthediffusionoperatorandtheprojectionoperatorsin theFourierdomainare

� �M"�T�� �%$ �tm � !#"�T��Y¡ $£¢+¤,¥
<>7¦�tm �< �7§���
�� �7¨���
a� �

¡ $ ��� � �7¨����Y©�a	
where ¡'� � � � . The operator �< projectsthe vector �7Q���
 onto the planewhich is normalto the
wavenumber� . TheFouriertransformof thevelocityof a divergentfreefield is thereforealways
perpendicularto its wavenumbers.The diffusion canbe interpretedas a low passfilter whose
decayis proportionalto boththetimestepandtheviscosity. Thesesimpleresultsdemonstratethe
power of theFouriertransform.Indeed,we areableto completelytranscribeour solver in only a
coupleof lines.All thatis requiredis aparticletraceranda fastFouriertransform(FFT).

FourierStep(7 S ,7%� , T�� ):
addforce: 7�n���7 S !�T��[&
advect: 7 $ ���6���7on�� W ����	O�XTª�Y\
transform: �7 $ ��«[«a¬®�7 $�¯
diffuse: �7Z|����
�� �7 $ ���
 * � � !#"�T��Y¡ $ 
project: �7L�°� �<��7%|
transform:7L�P��«[«a¬�± n P�7L� ¯

SincetheFouriertransformisof complexity ������²{³(´��0 , thismethodis theoreticallyslightlymore
expensive thana methodof solutionrelying on multi-grid solvers. However, this methodis very
easyto implement.We haveusedthisalgorithmto generatethe“liquid textures”of Section4.
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Figure3: Thevaluesof thediscretizedfieldsaredefinedat thecenterof thegrid cells.

2.4 Moving Substancesthr ough the Fluid

A non-reactive substancewhich is injectedinto the fluid will be advectedby it while diffusing
at the sametime. Commonexamplesof this phenomenonincludethe patternscreatedby milk
stirredin coffeeor thesmoke rising from acigarette.Let µ beany scalarquantitywhich is moved
throughthefluid. Examplesof this quantityincludethedensityof dust,smoke or clouddroplets,
thetemperatureof afluid andatexturecoordinate.Theevolutionof thisscalarfield is conveniently
describedby anadvectiondiffusiontypeequation:� µ� � �=� � �}� µ®!#¶,· �L$ �'¸6·yµ¹!�ºt·�	
where ¶,· is a diffusionconstant,̧
· is a dissipationrateand ºt· is a sourceterm. This equation
is very similar in form to the Navier-Stokesequation. Indeed,it includesan advectionterm, a
diffusiontermanda “force term” ºt· . All thesetermscanberesolvedexactly in thesameway as
thevelocity of thefluid. Thedissipationtermnot presentin theNavier-Stokesequationis solved
asfollowsovera time-step:

� � !MTª�©¸
·�\µ�����	\��!MTª�Y���µ�����	Y�\ A
Similar equationswereusedby StamandFiumeto simulatefire andothergaseousphenomena
[23]. However, their velocityfieldswerenot computeddynamically.

Wehopethatthematerialin thissectionhasconvincedthereaderthatourstablesolveris indeed
basedon the full Navier-Stokes equations.Also, we have pointedto the numericaltechniques
which shouldbeusedat eachstepof our solver. We now proceedto describetheimplementation
of ourmodelin moredetail.

3 Our Solver

3.1 Setup

Ourimplementationhandlesboththemotionof fluidsandthepropagationby thefluid of any num-
berof substanceslike mass-density, temperatureor texturecoordinates.Eachquantityis defined
oneitheratwo-dimensional(NDIM=2) or three-dimensional(NDIM=3) grid,dependingontheap-
plication. Thegrid is definedby its physicaldimensions:origin O[NDIM] andlengthL[NDIM]
of eachside,andby its numberof cellsN[NDIM] in eachcoordinate.This in turn determines
thesizeof eachvoxel D[i]=L[i]/N[i]. Thedefinitionof thegrid is aninput to our program
which is specifiedby theanimator. Thevelocityfield is definedat thecenterof eachcell asshown
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in Figure3. Noticethatpreviousresearchers,e.g.,[9], definedthevelocityat theboundariesof the
cells. We preferthecell-centeredgrid sinceit is morestraightforwardto implement.We allocate
two gridsfor eachcomponentof thevelocity: U0[NDIM] andU1[NDIM]. At eachtime stepof
oursimulationonegrid correspondsto thesolutionobtainedin thepreviousstep.Westorethenew
solutionin thesecondgrid. After eachstep,thegridsareswapped.We alsoallocatetwo gridsto
hold a scalarfield correspondingto a substancetransportedby theflow. Althoughour implemen-
tationcanhandleany numberof substances,for thesake of clarity we presentonly thealgorithm
for onefield in this section.This scalarquantityis storedin the gridsS0 andS1. Thespeedof
interactivity is controlledby a singletime stepdt, which canbeaslargeastheanimatorwishes,
sinceouralgorithmis stable.

The physicalpropertiesof the fluid area function of its viscosityvisc alone. By varying
theviscosity, ananimatorcansimulatea wide rangeof substancesrangingfrom glue-like matter
to highly turbulent flows. The propertiesof the substancearemodeledby a diffusion constant
kS anda dissipationrateaS. Along with theseparameters,the animatoralsomustspecify the
valuesof thesefieldson theboundaryof thegrid. Therearebasicallytwo types:periodicor fixed.
Theboundaryconditionscanbeof a differenttypefor eachcoordinate.Whenperiodicboundary
conditionsarechosen,thefluid wrapsaround.This meansthata pieceof fluid which leavesthe
grid on onesidereentersthegrid on theoppositeside. In thecaseof fixedboundaries,thevalue
of eachphysicalquantitymustbespecifiedat the boundaryof the grid. The simplestmethodis
to setthe field to zeroat the boundary. We refer the readerto FosterandMetaxas’paperfor an
excellentdescriptionof differentboundaryconditionsandtheir resultingeffects[9]. In theresults
sectionwedescribetheboundaryconditionschosenfor eachanimation.For thespecialcasewhen
the boundaryconditionsareperiodic in eachcoordinate,a very elegantsolver basedon the fast
Fouriertransformcanbeemployed. This algorithmis describedin Section2.3. We do not repeat
it heresincethe solver in this sectionis more generaland can handleboth typesof boundary
conditions.

The fluid is set into motion by applyingexternalforcesto it. We have written an animation
systemin whichananimatorwith amousecanapplydirectionalforcesto thefluid. Theforcescan
alsobeafunctionof othersubstancesin thefluid. For example,atemperaturefieldmoving through
thefluid canproducebuoyantandturbulent forces. In our systemwe allow theuserto createall
sortsof dependenciesbetweenthevariousfields,someof whicharedescribedin theresultssection
of thispaper. Wedonotdescribeouranimationsystemin greatdetailsinceits functionalityshould
beevidentfrom theexamplesof thenext section.Insteadwe focuson our simulator, which takes
theforcesandparameterssetby theanimatorasaninput.

3.2 The Simulator

Oncewe worked out the mathematicsunderlyingthe Navier-Stokesequationsin Section2, our
implementationbecamestraightforward. We wish to emphasizethatthetheoreticaldevelopments
of Section2 are in no way gratuitousbut are immenselyuseful in codingcompactsolvers. In
particular, castingtheprobleminto a mathematicalsettinghasallowedusto takeadvantageof the
largebodyof work donein thenumericalanalysisof partialdifferentialequations.Wehavewritten
thesolverasaseparatelibrary of routinesthatarecalledby theinteractiveanimationsystem.The
entirelibrary consistsof only roughly500linesof C code.Thetwo mainroutinesof this library
updateeitherthevelocityfield Vstep or a scalarfield Sstep overa giventimestep.We assume
thattheexternalforceis givenby anarrayof vectorsF[NDIM] andthatthesourceis givenby an
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arraySsource for thescalarfield. Thegeneralstructureof oursimulatorlookslike

while ( simulating ) 
/* handledisplayanduserinteraction*/
/* getforcesF andsourcesSsource from theUI */
Swap(U1,U0); Swap(S1,S0);
Vstep ( U1, U0, visc, F, dt );
Sstep ( S1, S0, kS, aS, U1, Ssource, dt );¯

Thevelocitysolveris composedof four steps:theforcesareaddedto thefield, thefield is advected
by itself, thefield diffusesdueto viscousfriction within thefluid, andin thefinal stepthevelocity
is forcedto conservemass.Thegeneralstructureof this routineis:

Vstep ( U1, U0, visc, F, dt )
for(i=0;i<NDIM;i++)
addForce ( U0[i], F[i], dt );

for(i=0;i<NDIM;i++)
Transport ( U1[i], U0[i], U0, dt );

for(i=0;i<NDIM;i++)
Diffuse ( U0[i], U1[i], visc, dt );

Project ( U1, U0, dt );

Thegeneralstructureof thescalarfield solver is very similar to theabove. It involvesfour steps:
addthesource,transportthefield by thevelocity, diffuseandfinally dissipatethefield. Thescalar
field solversharessomeof theroutinescalledby thevelocitysolver:

Sstep ( S1, S0, kS, aS, U, source, dt )
addForce ( S0, source, dt );
Transport ( S1, S0, U, dt );
Diffuse ( S0, S1, kS, dt );
Dissipate ( S1, S0, aS, dt );

TheaddForce routineaddstheforcefield multipliedby thetime stepto eachvalueof thefield.
The dissipationroutineDissipate divideseachelementof the first array by 1+dt*aS and
storesit in the new array. TheTransport routineis a key stepin our simulation. It accounts
for themovementof thesubstancedueto thevelocityfield. More importantlyit is usedto resolve
the non-linearityof the Navier-Stokesequations.The generalstructureof this routine(in three-
dimensions)is

Transport ( S1, S0, U, dt )
for eachcell (i,j,k) do
X = O+(i+0.5,j+0.5,k+0.5)*D;
TraceParticle ( X, U, -dt, X0 );
S1[i,j,k] = LinInterp ( X0, S0 );

end
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The routineTraceParticle tracesa pathstartingat X throughthe field U over a time -dt.
Theendpointof this pathis the new point X0. We useboth a simplesecondorderRunge-Kutta
(RK2) methodfor the particle trace[16] andan adaptive particle tracer, which subsamplesthe
time steponly in regionsof high velocity gradients,suchasnearobjectboundaries.Theroutine
LinInterp linearlyinterpolatesthevalueof thescalarfieldS atthelocationX0. Wenotethatwe
did notuseahigherorderinterpolation,sincethismight leadto instabilitiesdueto theoscillations
andovershootsinherentin suchinterpolants.On theotherhand,higherordersplineapproximants
maybeused,thoughthesetendto smoothout theresultingflows.

To solve for the diffusion (Diffuse) and to perform the projection(Project) we need
a sparselinear solver SolveLin. The besttheoreticalchoiceis the multi-grid algorithm[12].
However, weusedasolverfrom theFISHPAK library sinceit wasveryeasyto incorporateinto our
codeandgavegoodresults[24] n . In practice,it turnedout to befasterthanour implementationof
themulti-grid algorithm.In AppendixB, we show exactlyhow theseroutinesareusedto perform
both theDiffuse stepandtheProject step. Theseroutinesare ideal for domainswith no
internalboundaries.Whencomplex boundariesor objectsarewithin theflow, onecaneitheruse
a sophisticatedmulti-grid solver or a goodrelaxationroutine[11]. In any case,our simulatorcan
easilyaccomodatenew solvers.

4 Results

Our Navier-Stokessolvercanbeusedin many applicationsrequiringfluid-like motions.We have
implementedboththetwo- andthethree-dimensionalsolversin aninteractivemodelerthatallows
a userto interactwith thefluids in real-time.Themotionis modeledby eitheraddingdensityinto
the fluid or by applyingforces. The evolution of the velocity andthe densityis thencomputed
usingour solver. To further increasethevisualcomplexity of theflows, we addtextural detail to
thedensity. By moving thetexturecoordinatesusingthescalarsolver aswell, we achieve highly
detailedflows. To compensatefor thehighdistortionsthatthetexturemapsundergo,weusethree
setsof texture coordinateswhich areperiodically resetto their initial (unperturbed)values. At
everymomenttheresultingtexturemapis thesuperpositionof thesethreetexturemaps.This idea
wasfirst suggestedby Max etal. [15].

Figure4.(a)-(d)shows a sequenceof framesfrom ananimationwheretheuserinteractswith
one of our liquid textures. The figure on the backcover of the SIGGRAPH’99proceedingsis
anotherframeof asimilarsequencewith a largergrid size(

� �+� $ ).
Figures4.(e)through4.(j) show framesfrom variousanimationsthatwe generatedusingour

three-dimensionalsolver. In eachcasethe animationswere createdby allowing the animator
to placedensityandapply forcesin real-time. The gasesarevolumerenderedusingthe three-
dimensionalhardwaretexturemappingcapabilitiesof ourSGIOctaneworkstation.Wealsoadded
a singlepassthatcomputesself-shadowing effectsfrom a directionallight sourcein a fixedposi-
tion. It shouldbeevidentthat thequality of therenderingscouldbefurther improvedusingmore
sophisticatedrenderinghardwareor software. Our grid sizesrangedfrom

��» | to 3+� | with frame
ratesfastenoughto monitor the animationswhile beingableto control their behavior. In most
of theseanimationswe addeda “noise” termwhich is proportionalto theamountof density(the
factorof proportionalitybeingauserdefinedparameter).Thisproducednicebillowing motionsin¼

FISHPAK is availablefrom http://www.netlib.org.
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someof ouranimations.In Figures4.(e)-(i)weusedafractaltexturemap,while in Figure4.(j) we
useda texturemapconsistingof evenlyspacedlines.

All of our animationswerecreatedon anSGI Octaneworkstationwith a R10K processorand
192Mbytesof memory. Theanimationscorrespondingto theFigures4.(a)-(j)canbefoundonthe
CDROM proceedings.

In Figures4.(k)-(m) we demonstratean ongoingcollaborationwith 3dvSystems,an israeli
company thathasdevelopeda new camera,theZcamthat recordsbothimageanddepthsimulta-
neouslyin realtime[1]. Weusedtheclosestpoint to thecameraasthemoving locationof sources
in afluid simulation.Figures4.(l)-(m)show anactorinteractingwith ourfluid solver, usingthetip
of his fingerto adddensitiesandstir up thefluid. We have includedon theCDROM proceedings
ananimationof thissequence.

5 Conclusions

The motivationof this paperwasto createa generalsoftwaresystemthat allows an animatorto
designfluid-like motionsin real time. Our initial intentionwasto baseour systemon Fosterand
Metaxas’work. However, the instabilitiesinherentin their methodforcedus to develop a new
algorithm. Our solver hasthe propertyof beingunconditionallystableandit canhandlea wide
varietyof fluids in bothtwo- andthree-dimensions.Theresultsthataccompany this paperclearly
demonstratethat our solver is powerful enoughto allow an animatorto achieve many fluid-like
effects. We thereforebelieve that our solver is a substantialimprovementover previouswork in
this area.Thework presentedheredoesnot, however, discreditprevious,morevisually oriented
models.In particular, we believe that thecombinationof our fluid solverswith solid textures,for
example,maybeapromisingareaof futureresearch[6]. Ourfluid solverscanbeusedto generate
theoverallmotion,while thesolid texturecanaddadditionaldetailfor higherqualityanimations.

Also we have not addressedthe problemof simulatingfluids with free boundaries,suchas
water[8]. Thisproblemis considerablymoredifficult, sincethegeometryof theboundaryevolves
dynamicallyover time. We hope,however, thatour stablesolversmaybeappliedto this problem
aswell. Also, we wish to extendour solver to finite elementboundary-fittedmeshes.We are
currentlyinvestigatingsuchextensions.
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A Method of Characteristics

Themethodof characteristicscanbeusedto solveadvectionequationsof thetype� µ.����	Y�\� � �F�P½¾���6 �}� µ.����	Y�\ ¢¿¤,¥ µ�����	��(���µ S ���6D	
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where µ is a scalarfield, ½ is a steadyvectorfield and µ S is thefield at time �®�8� . Let W ��� S 	\�\
denotethecharacteristicsof thevectorfield ½ whichflow throughthepoint � S at ����� :ÀÀ � W ��� S 	Y�\���½¾� W ��� S 	Y�\\ ¢+¤,¥ W ��� S 	������� S A
Now let Áµ���� S 	Y�\°�Fµ�� W ��� S 	Y�\y	\�\ bethevalueof thefield alongthecharacteristicpassingthrough
thepoint � S at ����� . Thevariationof thisquantityovertimecanbecomputedusingthechainrule
of differentiation: À ÁµÀ � �

� µ� � !'½ ��� µª��� A
This shows thatthevalueof thescalardoesnot vary alongthestreamlines.In particular, we haveÁµ���� S 	\�\Â�RÁµ���� S 	������µ S ��� S  . Therefore,theinitial field andthecharacteristicsentirelydefinethe
solutionto theadvectionproblem.Thefield for a giventime � andlocation � is computedby first
tracingthelocation � backin timealongthecharacteristicto getthepoint � S , andthenevaluating
theinitial field at thatpoint: µ.� W ��� S 	Y�\D	Y�\���µ S ��� S  A
Weusethismethodto solve theadvectionequationovera time interval ÃÄ�D	Y�Å!�T��eÆ for thefluid. In
thiscase,½Ç� � ����	Y�\ and µ S is any of thecomponentsof thefluid’svelocityat time � .
B FISHPAK Routines

ThelinearsolverPOIS3D from FISHPAK is designedto solveageneralsystemof finite difference
equationsof thetype:

K1*(S[i-1,j,k]-2*S[i,j,k]+S[i+1,j,k]) +
K2*(S[i,j-1,k]-2*S[i,j,k]+S[i,j+1,k]) +
A[k]*S[i,j,k-1]+B[k]*S[i,j,k]+ .

For thediffusionsolver, thevaluesof theconstantson theleft handsideare:

K1 = -dt*kS/(D[0]*D[0]),
K2 = -dt*kS/(D[1]*D[1]),
A[k] = C[k] = -dt*kS/(D[2]*D[2]) and
B[k] = 1+2*dt*kS/(D[2]*D[2]),

while the right handside is equalto the grid containingthe previous solution: F=S0. In the
projectionsteptheseconstantsareequalto

K1 = 1/(D[0]*D[0]), K2 = 1/(D[1]*D[1]),
A[k] = C[k] = 1/(D[2]*D[2]) and
B[k] = -2/(D[2]*D[2]),

while theright handsideis equalto thedivergenceof thevelocityfield:

F[i,j,k] = 0.5*((U0[0][i+1,j,k]-U0[0][i-1,j,k])/D[0]+
(U0[1][i,j+1,k]-U0[1][i,j-1,k])/D[1]+
(U0[2][i,j,k+1]-U0[2][i,j,k-1])/D[2]).
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Thegradientof thesolutionis thensubtractedfrom theprevioussolution:

U1[0][i,j,k] = U0[0][i,j,k] -
0.5*(S[i+1,j,k]-S[i-1,j,k])/D[0],

U1[1][i,j,k] = U0[1][i,j,k] -
0.5*(S[i,j+1,k]-S[i,j-1,k])/D[1],

U1[2][i,j,k] = U0[2][i,j,k] -
0.5*(S[i,j,k+1]-S[i,j,k-1])/D[2].

TheFISHPAK routineis alsoableto handledifferenttypesof boundaryconditions,bothperiodic
andfixed.
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        (a)                                           (b)                                          (c)                                     (d)

                  (e)                                                        (f)                                                                (g)

                   (h)                                                    (i)                                                          (j)

                    (k)                                                        (l)                                                 (m)

Figure4: Snapshotsfrom our interactivefluid solver.
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